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IN THIS PAPER we show that any higher knot (n 2 3) can be decomposed as a sum of irreducible 
knots and there is a finite upper bound on the number of summands. The case n= 1 is due to 
Schubert [lo]. A proof of this present case was published in [12] by Sosinskii but 
subsequently Maeda showed that a crucial lemma was false [7]. The difficulty is to find a 
bound on decompositions of the knot group x1. This is achieved here by applying 
Dunwoody’s work in [3]. This results in two theorems, 1.6 and 1.7, which are ofsome interest 
in their own right. The rest of the paper follows as in Sosinskii’s paper. 
We are grateful to G. A. Swarup for pointing out the possibility of this line of attack and to 
A. Bartholomew for an idea used in the proof of Theorem 1.6. 
$1. GROUPS ACTING ON TREES 
Let Tbe a tree. Let VT, ETdenote the set of vertices, edges of T, respectively. If a group G 
acts on T without edge inversions then T is called a G-tree. There is a fairly complete theory 
for groups acting on trees (see [ 11, [2] or [l I]). We list the results we need. 
PROPOSITION 1.1. If VE VT is incident with e E ET then G,I G, where G, and G, are the 
respective stabilizers of v and e. 
PROPOSITION 1.2. If u, VE VT and e E ET is in the geodesic joining u and v then 
G,, (3 G,, I G,. 
PROPOSITION 1.3. If gEG and g”EG, for some m>O and UEVT then gEG, for some 
VE VT. 
Proofof 1.3. The set S= {ti,gu,g’u, . . , gm- ’ u} is permuted by g. Let T, be the unique 
minimal subtree of Tcontaining S. Now gS c T,. Hence gT, = T, and so g has a fixed point 
since T, is a finite tree. This fixed point must be a vertex of T, since g acts without edge 
inversions. 
The Structure Theorem for groups acting on trees ([l] or Lll]) states that if Tis a G-tree 
and X is the quotient graph X = G\,T, then G is the fundamental group of a graph of groups 
G z nl(5,X) where the vertex and edge groups of (Y,X) are stabilizers of appropriately 
chosen vertices and edges of T. We are interested in the case when G acts on Twith stabilizers 
which are either trivial or infinite cyclic. 
PROPOSKION 1.4. Let T be a G-tree. Suppose G,= { l> for every eE ET and G, is either 
trivial or infinite cyclic for every VE VT. Then G is a free group. 
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Proof: It is easy to see that zI($?,X) is a free group in this case. 
PROPOSITION 1.5. Let G be afinitely generated group. Suppose T is a G-tree andfor every 
t’ E VT, G, is tricial or infinite cyclic. If there exists x E G, for some u E VT such that G is the 
normal closure of x, then G is injinite cyclic (G = G,). 
ProoJ: Since G is the normal closure of x it follows that G is generated by vertex 
stabilizers. This is the case if and only if G\T= X is a tree. Thus G = n,(V, X) where X is a tree 
and 5, is cyclic for every u E VX. Now since G is finitely generated we can assume X is finite. 
If G is not infinite cyclic then we can write G=AgC where C is cyclic and B is a proper 
subgroup of A and C. We can also arrange that .x E A. However, in such a group the normal 
closure of A is not all of G. This contradicts our hypothesis. 
A group G is said to be almostfinitely presented (afp) if there is a 2-dimensional complex K 
on which G acts freely, such that Hl(K; Z,) = 0 and L = G\K the quotient space is finite. Then 
as in [3] define 
J(L)=2 rank H’ (L;Z,)+r,+a, 
where ri is the number of i-simplexes in L, i = 0,2. Here we can assume that G\K is a complex. 
Let 6(G) be the minimum possible 6(L). 
If T and T’ are two G-trees, a G-map CC T+ T’ is a non-degenerate equivariant simplicial 
map. 
A vertex UE VT is called inessential if it is incident with just two edges e, and e, and 
G,, = G, = G,,. Any other vertex of T is called essential. 
THEOREM 1.6. Let G be afp. Then ifT’ is a G-tree, there is a G-tree Tand a G-map z: T-+T’ 
such that T has at most 6(G) orbits of essential vertices. 
Proof: Let K and L be as above with 6(G) = 6(L). Choose a G-map /?: VK-, VT’. Let r~ be a 
2-simplex of K with vertices uO, ul, c’~. Let T; be the minimal subtree of T’ containing B(Q), 
/?(uJ and p(vz). Up to reordering of oO, u1 and u2 there are four possible configurations for Tb 
which are illustrated in Fig. 1. Notice that there is at most one vertex \v which is incident with 
three edges of T,. 
Let viuj be a l-face of c(. Consider the usual geodesic distance function d on graphs. If 
d(B(vi), p(u,)) = I divide uiuj into 1 equal segments. Now join up the dividing points as in Fig. 2. 
The four cases correspond to the four cases illustrated in Fig. 1. 
It should be clear how to extend fi over 1~1 so as to preserve this combinatorial structure. 
Fig. 1. 
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Fig. 2. 
For instance in case (a) the whole of the triangular shaded region is mapped into 1~. The 
dividing lines are mapped into the corresponding vertices and the regions between lines are 
projected onto the edges of T’. Extend p to every Z-simplex. Since the maps match up on 
l-faces we obtain a continuous G-map p: 1 Kl+l T’I. 
Let m, be the mid-point of an edge of T’. Now fl- ‘(m,) is the union of a set of tracks t, 
as defined in [3]. Let r = u t,. Then r is a G-set of disjoint tracks. Since H’(K; i2,) =0 each 
.zEET’ 
track in 1 KI separates. Also between any two points of IE<I there is a path intersecting only 
finitely many tracks of r. It follows that the dual graph to T is a G-tree T. There is an obvious 
G-map x T--+T’. 
Each vertex orbit of T corresponds to a component of / L.l_ u z(t) where rr: K-L is the 
rtT 
covering map. Now as in [3] there are at most 6(L) such regions that are not untwisted bands. 
However if a region R is an untwisted band, then C’R is a union of bands and the 
corresponding vertices of T are inessential. This completes the proof of Theorem 1.6. 
We shall see in the next section that corresponding to a knot sum it is possible to 
construct a G-tree T’ satisfying certain properties. Here G is the knot group. The properties 
are the following: 
(i) for each Ed ET’, G, is infinite cyclic; 
(ii) if e,fe ET’ G, is conjugate to G,; 
(iii) if UE VT’ G, is not cyclic but is finitely presented; 
(iv) if u is incident with e then G, is the normal closure of G, in G,.: 
(v) G is the normal closure of G, for any eE ET’. 
THEOREM 1.7. Suppose G is afp and acts on the tree T’ so that conditions (iHv) abore are 
satisfied. Then 1 G\ VT’1 <6(G). 
Proof Construct the G-tree T and the G-map 2: T+ T’ as in Theorem 1.6. It is sufficient 
to show that for each TV VT’ there exists an essential UE VT such that X(U)= c. 
Suppose L’E VT’ and r-‘(c) is either empty or consists of inessential vertices. 
Let K = G, and consider the action of K on T. We shall show that for each 11 E VT, K, is 
cyclic. Firstly suppose that r(u) # c’ and K, is not cyclic. Then, since K, c K,,,, it follows that 
K,(,, cannot be cyclic. By Proposition 1.2 if e is in the geodesic joining c and Y(U) G, is not 
cyclic contradicting (i). Now suppose Z(U) = L’. By hypothesis 11 is inessential and so is incident 
with just two edges elre2 and G,, =G,=G,,. But G,, c G,,,,, and so G,, is cyclic. Since 
K, c G, it follows that K, is cyclic. 
Suppose K, is trivia1 for every eE ET. Then by Proposition 1.4, K is a free group. But by 
(iv), K is the normal closure of a single element. Hence K is cyclic contradicting (iii). Thus for 
some e E ET, K, # { 1). But G, is infinite cyclic, say G, = (x), since G, < G,(,, and G,,,, is 
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infinite cyclic. So suppose K,= (xm), m 2 1. Hence under the action of x on T, e has a finite 
orbit. By Proposition 1.3, x E G, for some \v~ VT. Now K contains a conjugate of s (call it y) 
such that K is the normal closure of Jj. Since x fixes a vertex of T so does y, i.e. J! E G, for some 
ZE VT. By Proposition 1.5, K is infinite cyclic. Again this contradicts (iii). Hence the original 
supposition was false and Theorem 1.7 is proved. Note that we have shown that the map r is 
surjective. 
$2. KNOTS AND KNOT SIJXIS 
We work throughout in the P.L. case. All manifolds are orientable and unless otherwise 
stated all submanifolds are properly embedded and locally flat. A good introduction to the 
techniques used here would be the book by Rourke and Sanderson [S]. However, the 
methods work equalIy well in the smooth case. 
Let S’ denote a pair of points then the n-sphere S” is defined inductively as the suspension 
S”= S’S”-‘. An n-knot k is represented by an embeddingfi S”+Sn+*. Two such embeddings 
are equicalent or lie in the same knot class if they are homeomorphic under an orientation 
preserving homeomorphism of s”’ 2. Equivalently they are ambient isotopic embeddings. If 
fi S”-+Snc2 represents k then the knot space S”+*-f(Y) is well defined up to homeo- 
morphism. Sometimes it is convenient to consider the compact knot space S”+‘- V where 
V is a tubular neighbourhood off(S”) homeomorphic to S” x D*. In either case the homo- 
topy groups xi(k)=zi(SRf2 -f(Y)) are knot invariants. The class of {point} x S’ in x,(k) 
is called a meridian element. It will of course depend on the path from the base point, 
but otherwise is well defined up to conjugacy. The trivial knot or unknot 0 is represented by 
the inclusion S” c S”+*. 
For the trivial knot 
iri(0) z 7ri(S1), i= 1,2, . . . . (1) 
The isomorphism being induced by the inclusion of a meridian circle. 
We say that k is (q- 1)-simple if equation (1) holds for all i <q. 
THEOREM 2.1. Suppose n # 2, then k is trivial if and only if it is (q- 1)-simple where 
(I > [(n + 1),‘2]. 
Proof: The case n = 1 follows from Dehn’s lemma. For n > 2 see [13] or [S]. 
If X is the knot space of k then H,(X; Z) is infinite cyclic generated by t say. Let x,4, be the 
cover of X corresponding to the commutator subgroup of x1 X. Then (t) acts freely on x,, as 
a group of covering transformations. Let Ai = Hi(gAb; Z) and let T,(k) denote the torsion 
submodule of A,(k). Let Bi(k)=Hi(X,,; Q). Then Ai is a Z [t, t-r] module, Bi is a Q[t, t- ‘1 
module. 
THEOREM 2.2. (a) The module Bi can be written as a direct sum of cyclicQ[t, t- ‘1 modules. 
(b) The Abelian group Ti is finite. 
Proof: (a) Since Bi has a finite presentation asa module and since Q[t, t-‘1 is a principal 
ideal domain the result follows. 
(b) See [.5]. 
2.3. The sum of two knots 
Letfi: Sn-+Sy+Z,f2: Y+S;+* represent the knots k,, k2 respectively where Sl” and S;+’ 
are two distinct copies of Sn+*. Let B, be an (n + 2)-ball in S;+* such that D 1 = B, nfi(S”) is an 
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n-ball unknotted in B,. Define Bz, Dz similarly in Sl”. Let $: (B,.DI)d(B2,02) be a 
homeomorphism which reverses the orientation of B, and D,. Then there exists a 
homeomorphism 
(I/: S”+“/;(S”)-D, u fJS”)_D? 
p[?D, 
and a homeomorphism 
p: s;+2 -B, qv S;+‘-Bz+S”+2. 
L 
LetfiS”+S”+’ be the composition pi Im li/ 5 ri/. Thenfis said to represent the knor sum k, + k,. 
Apart from being well defined in knot classes this sum is Abelian, associative and has the 
trivial knot as the identity. 
We say that k is irreducible if given k= l+m then either I=0 or m=O. 
If n 2 3 it is possible for a knot to be written in two distinct ways as a sum of irreducibles. 
see [4]. 
A knot property is irreducible if it is inherited by any of its summands. For example if ?I i 2 
and k + I= 0 then k = l= 0. If n = 1 use the knot genus, if n 2 3 it follows from the follovving 
lemma and Theorem 2.1. 
LEMMA 2.3. The following knot properties are irreducible: (a) k is l-simple [xl(k)=(t)]; 
(b) A,=O; (c) B,=O: (d) T,=O. 
Proof (a) By the Seifert-Van Kampen Theorem nI(k+I)=n,(k)& x,(l). But the cyclic 
group (t) can be written in only one way in this form. 
(b), (c) and (d). This follows from the fact that 
A&k + I) = A,(k) 0 A,(l) and B&k + 1) = B,(k) @ B,(l). 
2.4. Algebraic properties of x,(k) 
We now check that knot groups satisfy the conditions necessary in $1 so that Theorem 1.7 
may be applied. 
LEMMA 2.5. Any two meridians are conjugate in n(k) and the normal closure of any one is rhe 
whole group. 
Proof: This is well known, see [j], but we give a proof for completeness. 
Suppose that m is a meridian circle. Let y be a path in the knot space joining the base point 
to a base point on m. Then y’m’/- ’ represents a meridian. If y1 is a different choice of path then 
[;:m~-‘]=g-‘C’J1~;;‘]g whereg=[y,g-‘1. If m,, m2 are distinct meridians with the same 
orientation then sincef(S”) is connected m,, m2 are freely homotopic in the knot space and so 
the corresponding meridian classes are conjugate. 
Now let x be an arbitrary element of x,(k) represented by a map I,!C S1-+SntZ-f(S”). 
Extend to a map 4: D2+Snc2 which is transverse to the manifold f(P). Then 4-l JS”) 
consists of a finite number of points in the interior of D’. A neighbourhood ofeach point gets 
mapped by C$ into a meridian disc off(Y). Now a standard argument shows that 0 is 
homotopic to a product of conjugates of related meridian elements. 
If 
x=fimi 
i=l 
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written in this way suppose that mi=~i-lm”~i. Then 
for any meridian VI. 
.y= fi I’;l”“yi 
i=l 
LEMM-\ 2.6. Let k=k, +kl + . . +k, be a decomposition of k into r knots and suppose 
zi(ki) is not cyclicfor each i. IfG=x,(k) then r<6(G). 
Proof: Let S,, S,, . , S,_ I be the (n + 1)-spheres which define the decomposition. 
Assume these spheres are disjoint. Let V be a tubular neighbourhood off(Y) which meets .Si 
in a tubular neighbourhood of Si nf(S”) in S;, i= 1, 2, . . , r- 1. Then Vn Si 2 s”-’ x D’ 
and if xi = Si - int V, then Zi is homeomorphic to D” x S’ since the S”- 1 is unknotted in Si. 
Moreover rclEi is infinite cyclic and the inclusion Ci c S”+l -int V induces an injection of 
rrlCi in x,(k). 
Let X=Snf2-int V and let p: x-+X denote the universal cover of X. 
r-1 
Let 8= U p-‘Ci Let T be the dual graph to 0, i.e. T has a vertex corresponding to each 
i=l 
component of z-0 and an edge corresponding to each component of 0; the two vertices 
incident with an edge e correspond to the two components of Z-0 whose closures contain 
the component of 0 corresponding to e. 
Let C be a component of 8. Then C separates 2’. Also Q is a G-set, where G=xI(k). If 
s. JE 2, there is a path joining .Y and y which intersects finitely many components of 0. It 
follows that T is a G-tree. Now p restricted to C is a covering C+& for some i. Inclusion 
followed by the Hurewicz map induces an isomorphism rrl,Ei-+H,X. So the lift of Ci to the 
universal Abelian cover of X is already simply connected and is acted upon by H,X, an 
infinite cyclic group. It follows that C is simply connected and the stabilizer ofC is isomorphic 
to 7r1Ci an infinite cyclic group. Thus properties (i), (ii) and (v) of Theorem 1.7 follow from 
Lemma 2.5. If C is a component of _? - 8 and the vertex u of Tcorresponding to C has stabiliser 
G, then G,.\C injects into X onto one of the components of X split along the Z:p. Also C is 
simply connected, since each component of 0 is simple connected and so G, = xl(kj) for some 
j, 1 Ij 5 r. Properties (iii) and (iv) of Theorem 1.7 follow from Lemma 2.5. Any higher knot 
group is the fundamental group ofa finite complex. Thus the group must be finitely presented 
and so it is afp. 
THEOREM 2.7. Any n-knot k, n # 2 can be written as a jnite sum of irreducible knots. 
Proof Letk=k,+k,+ . . . +k,whereki#0,i=1,2,...,r.Weshowthatthereis 
integer 4(k), depending on k such that r<$(k). It then follows that any process 
decomposing k must terminate with at most 4(k) irreducible factors. 
an 
of 
Now 
and 
If D is a PID and M is a finitely generated D-module then M can be written as a direct sum 
of cyclic D-modules and there is an integer r,(M) which is the maximal number of non-zero 
summands in such a decomposition. 
Let ai=rh (Ti(k)) and bi=rar,,l-I1(Bi(k)). Put 
(n+ 1112 
4(k)=&G)+ ig2 (ai+bJ. 
T,(k)= Ti(k,) 0 Ti(k2) @ . . @ Ti(k,) 
l+(k) = Bi(k,) @ B,(k,) @ . 0 B,(k,). 
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If r> d(k) then there is some j for which 7-rl(Lj) is infinite cyclic and T,(k,)=B,(k,)=O for 
i= 2, , (n+ I),?. If Ti(kj)=B,(kj)=O then ~i(kj)=O and by standard arguments using 
covering space isomorphisms of the homotopy groups and the Hurewicz theorem it follows 
that kj is (q - I)-simple for q > (n + 1);2. So by Theorem 2.1 kj is trivial. This argument means 
that it is not possible to write the knot as a sum of r non-trivial knots if r>+(k). 
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